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ABSTRACT
The Reciprocal Gutman Index (RGut), defined for a connected graph as vertex degree weighted sum of the reciprocal

distances, i.e, RGut(G) = Xy vev(c) %. The RGut is a weighted version of the Harary index, just as the Gutman
G\U)

index is a weighted version of the Wiener index. In this paper, we present exact expression for the reciprocal Gutman
index of Cartesian product and the wreath product of complete graphs with odd vertices interms of other graphs
invariants including the reciprocal degree distance, Harary index, the first Zagreb index and the second Zagreb index.

KEYWORDS: Reciprocal Gutman index, Reciprocal degree distance, Cartesian Product, Wreath Product, Harary
index, first and second Zagreb indices.

INTRODUCTION

In this paper, all the graphs are considered as compete graphs with odd vertices. For vertices u, v € V(G), the distance
between u and v in G, denoted by d; (u, v) is the length of the shortest (u, v) — path in G and let d; (v) be the degree
of a vertex v € V(G). For two complete graphs G,and G, their Cartesian product denoted by G, mG, has the vertex
set V(G,mG,) =V (G,) X V(G,) and (u, x)(v,y) is an edge of G, mG,if u = v and xy € E(G,) or uv € E(G,) and
x = y. The wreath product of the graphs G;and G, denoted by G,°G, is the graph with vertex set V(G,) x V(G,) and
(u, x)(v,y) is an edge of G,°G,if u =v and xy € E(G,) or uv € E(G,). A topological index of a graph is a real
number related to the graph; it does not depand on labeling or pictorial representation of a graph. In theoretical
chemistry, molecular structure descriptors(also called topological indices) are used for modeling physicochemical,
pharmacologic, toxicological, biological and other properties of chemical compounds[6]. There exist several types of
such indices, especially those based on vertex and edge distances. One of the most intensively studied topological
indices is the Wiener index; for other related topological indices see [17].

Let Gbe a connected graph. Then the Wiener index of Gis defined as W(G) =%Zu,vev(6) d¢(u,v) with the
summation going over all pairs of distinct vertices of G. Similarly the Harary index of G is defined as (G) =
iZulvev(G)@ . Dobrynin and Kochetova [3] and Gutman[8] independently proposed a vertex degree-weighted
version of wiener index called degree distance or scholtz molecular toplogical index, which is defind for a connected
graph G as DD(G) = %Zu,ve(m) dg(u,v)[dg(w) + dg(v)] , where dg (u) is the degree of the vertex u in G. Note that

the degree distance is a degree- weight version of the wiener index. Hua and Zhang [13] introduced a new graph
invariant named reciprocal degree distance which can be seen as a degree —weight version of Harary index, that is
RDD(G) = %Zu,vE(VG) %. Reciprocal Degree Distance of some graph operations has been obtained in [15]
. In[8], Gutman defined the Schultz index of the second kind which is now dnown as the Gutman index . The Gutman
index of G denoted by Gut(G), is defined as Gut(G) = %Zu,véwg) d¢ (u, v)[dg (w)dg (v)] with the summation runs

over all the pairs of vertices of G. The Gutman indices of product graphs have been obtained in [14].

There are some topological indices based on degrees such as the first and second Zagreb indices of molecular graphs.
The first and second kinds of zgreb indices are introduced in [17]. The first Zagreb index M,(G) and the second

http: // www.ijesrt.com © International Journal of Engineering Sciences & Research Technology
[108]


http://www.ijesrt.com/

[Aruvi*, 4.(8): August, 2015] ISSN: 2277-9655
(I20R), Publication Impact Factor: 3.785

Zagreb index M,(G) of a graph G are defined as, M;(G) = Yyver)lde W) + de ()] = Zpey ey dé(v)and M, (G) =
Yuver(e)[de (Wdg (v)] The Multiplicative Zagreb indices of graph operations have been obtained in [18].

In this paper, we found a new graph invariant named reciprocal Gutman index, which can be seen as a degree weight
version of Harary index that is RGut(G) = %Zu‘vev(c)%

And we obtain the reciprocal Gutman indices of Cartesian and wreath products of complete graphs with odd vertices.

GUTMAN INDEX OF CARTESIAN PRODUCT OF COMPLETE GRAPHS

In this section, we find the reciprocal Gutman index of the Cartesian product G, mG, of the complete graphs G, and
G,with odd vertices. Let V(Gy) = {uo, uy, *+, un, 1}, V(G5) = {vg, vy, ++,vp,—1 } and let w;; be the vertex (w;, v;) of
GimG,.

The following lemma follows from the definition of the Cartesian product of the two graphs.

Lemma-2.1
Let Giand G, be two complete graphs. Let w;; = (u;,v;) and wy, = (u,,v,) be in V(G,mG,). Then

d1ue, (Wijs Wpq) = 2dg, (wi,wp) and dg, o, (wi;) = dg, (W) + de, (v)).

Theorem — 2.2
If Giand G, are two complete graphs with odd vertices|V (G,)| = n,and |V (G,)| = n,, where n,;,n, = 3 then

RGut(G,mG,) =%[H(61)M1(Gz) + 4e(G,)RDD(G,) + 2n,RGut(Gy) + 2H(G,)M,(G,) + 4e(G,)RDD(G,)
+ 2n,RGut(G,) + ny(ny, — DRGut(Gy) + 4ny(ny — D(ny, — De(G,) + 4H(Gy)e(G,)?]

where RGut(G),H(G), M,(G) and RDD(G) denote the reciprocal Gutman index, the Harary index , the first Zagreb
index and the reciprocal degree distance of G respectively.

Proof
LetG = G,mG,. Then

1 dg(wij)de(Wpq)
RGut(G) ==).,.. R
( ) 2 ZWL],quEV(G) A6 (WijWpq)
1{2n2—12n1—1 dg(wij)de(wpj) e N dg(wij)de(Wiq) ga—l gl dG(Wij)dG(qu)}
Jj=0 L,p=0,i#p dG(Wij'ij) =0 J,q=0,j#q dG(Wij-Wiq) J,q=0,j#q ~1,p=0,i#p dG(Wij:qu)

=-(A+B+0) (2.1)

where A4, B, C are the sums of the above terms in order. We shall calculate 4, B, C of (2.1) separately.
First we calculate,

A= ynz-iym-t dg(wij)dgWpj)
T 4j=0 i,p=0,i#p dg(Wijwp))
For this we firsr compute

a=ymtt Aoy
LP=0LED  dg(wijwpj)
_ an—l [dg, w)+de,wpllde, (up)+de, ))]
T 4ip=0,i£p dGl(uirup)

by the Lemma — 2.1

_won-1 [deg(upde (up)] Nyni-1 o Ao wd+de, (up)] 2 (5, ) yni-1 1
= Yip=oip da (uip) -+ dcz(vj)zi,p=o,i¢p da, (uoip) +dGZ(V1)Zi,p=o,i¢p da, (wip)
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= 2RGut(G,) + 2dg,(v;)RDD(G,) + 2d2, (v;)H(G,)
by the definitions of reciprocal Gutman index, reciprocal degree distance and Harary index of a graph.
ny,—1

wA= Z [2RGut(G,) + 2d,(v;)RDD(G,) + 2d2, (v;)H(G,)]
j=0
Next we calculate

B = an 1eng-1  de(wij)dewiq)
1a=0%a  dg(wijwiq)
For this we compute

r_ ‘I‘Lz—1 M
B' = Zj.q=0.j*q dg(WijWwiq)
ny—1 [d61(ui)“’dGz(v}')][dcl(ui)+d52(vq)]

Z ja=0,j%q 40,7700 by lemma — 2.1

ny—1 dGz(vj)dGz(Uq)] nz—1 [dGZ(vj)—+dGZ(vq)] 2 nz-1 !
Z jq= Oliq—dGZ(Vj,Vq) + dGl( L)E 7,q=0,j#q dGz(vjvvq) +d61 (uL)Z j,q=0,j%q dG (v]vq)

= 2RGut(G,) + 2d¢, (u;)RDD(G,) + Zdél(ui)H(Gz)

by the definitions of reciprocal Gutman index, reciprocal degree distance and Harary index of a graph.
ni—1
~B= Z [2RGut(G,) + 2dg, (u)RDD(G,) + 2d3 (u)H(G,)]
i=0
= 2n,RGut(G,) + 4e(G,)RDD(G,) + 2H(G,)M,(G;) (2.3)
Next we compute

C= an 1 Zn1—1 dg(wij)de(Wpq)
1.q=0,j#q SLP=0,1#D g (wyjwpq)
For this we compute

i1 dg(wij)dc(Wpg)

c' =Y. .
LP=0I#P  dg(wijwpq)
_ an—l ldg, wp+dg, wpllde, (up)+de, )] by lemma — 2.1
i,p=0,i#p 2dg, (usup) '
—ym-l [dg, (ude, (up)] gl [de, (wdg,(vq)] n
LP=0LED  2dg, (ujup) LP=0.1#D  2dg, (ujup)

Zn1—1 dGz(”])dG1(up)+Zn1—1 d(;z(vj)d(;z(_vq)
LP=0i#P  2dg, (ujup) LP=0i#D  2dg, (uzup)

= RGut(G,) + dg,(vj))ni(ny — 1) +dg,(v,)ni(ny — 1) + H(Gy)dg, (v))de, (v,)

by the definitions of reciprocal Gutman index and Harary index of a graph.
2 €= 27200 o RGUE(G) + dg,(v))ni (g — 1)+ dg, (vg)n (g — 1) + H(G1)dg, (v))de, (v,)]
= nz(nz - 1)RGut(Gl) + 26(62)(‘”2 - 1)n1(n1 - 1) + 29(62)(‘”2 - 1)711(711 - 1) +
H(G)(4e(G2)? — My (G2)), (2.4)

since X725 10 do, (v))de, (vg) = 4€(G)? — My1(Gy)

Using (2.2),(2.3),(2.4) in (2.1), we get
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RGut(G) ==[H(G)M;(G,) + 4e(G,)RDD(G,) + 2n,RGut(G,) + 2H(G,)M,(G,) + 4e(G,)RDD(G,)

+ 2n,RGut(Gy) + ny(ny — DRGut(Gy) + 4n,(ny — 1)(ny, — De(G,) + 4H(G)e(G,)?]

N =

GUTMAN INDEX OF WREATH PRODUCT OF COMPLETE GRAPHS
In this section, we find the reciprocal Gutman index of the wreath product G, °G, of the complete graphs G, and G,with

odd vertices. Let V(Gy) = {ug, uy,***, Un, -1}, V(G2) = {vo, vy, -, vy, 1} and let w;; be the vertex (u;, v;) of G;°G,.
The following lemma follows from the definition of the wreath product of the two graphs.

Lemma-3.1
Let Gsand G, be two complete graphs. Let w;; = (u;,v;) and wy, = (up,v,) be in V(G;°G,). Then

de (ug,uy, ), if i #
o () = {1 Wt ) = WG 00+ o

Theorem — 3.2
If G,and G, are two complete graphs with odd vertices|V (G,)| = n,and |V (G,)| = n,, where n;,n, > 3then
RGut(G,°G,) = n2e(G,)M;(G,) + 2n,e(G)M,(G,) + nM,(G,) + n3RGut(G1) + 2n,RDD(G1)e(G,)
+ H(G)M;(Gy) + n3(n, — 1)RGut(G,) + 2n,(n, — 1)e(G,)RDD(G,)
+ H(Gy)[4e(Gy)* — M;(G)]

where RGut(G),H(G), M,(G), M,(G) and RDD(G) denote the reciprocal Gutman index, the Harary index , the first
Zagreb index, the second Zagreb index and the reciprocal degree distance of G respectively.

Proof
LetG = G,°G,. Then

1 dg(wij)de(Wpq)
RGut(G) ==).,.. _—
( ) 2 Zwu,wpqu(G) A6 (WijWpq)
1 ynz—1gmi—1 dg(wij)de(wpj) ym—lgng—1 dg(wij)deWig) ynz—l  gmi-l dg(wij)de(Wpq)
J=0 SLp=0i#P  dg(wijwp)) =0 H).q=0J#4  dg(wijwiq) 1:q=0j#q ZLp=01#D  d;(wijwpq)

=-(A+B+0) (3.1)

where A, B, C are the sums of the above terms in order. We shall calculate 4, B, C of (3.1) separately.
First we calculate,

A= an—l ni—1 dg(wij)d(wp;)
T 4j=0 i,p=0,i#p dg(Wijwp))
For this we firsr compute

A =ymmt  d6wiy)dewp)
LP=0ED  dg(wijwp))

—yml [n2dg, (u)+dg, Wp][nade, (up)+de, )]
Lp=0,1#p dg, (upup)

by the Lemma — 3.1

2
_ g1 n3lde, (ude, (up)] Nyni-1 o [de, (wd+de, (wp)] 2¢. yyma-1 1
= Zi,p:O,iip dG, (Wittp) + n, dGz (Uj) Zi,p:O,iip dg, (uptip) + dGz (v,) Zi,p:O,iip dg, (uiip)

= 2n3RGut(G,) + 2n,d,,(v;)RDD(G,) + 2dZ, (v;)H(G,)

by the definitions of reciprocal Gutman index, reciprocal degree distance and Harary index of a graph.
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np—1

t A=) [2n3RGut(G) + 2nads, (1)RDD(G) + 242, (v)H(G,)]
7=0

= 2n3RGut(G,) + 4n,e(G,)RDD(G,) + 2H(G,)M,(G,) (3.2)
Next we calculate

_eni-leng-1 de(Wij)deWig)
B_Zi=0 j,q=0,j# W
JA4=0.J#4  dg(w;jwiq)
For this we compute

B =yl dg(wij)deWig)
14=0J#a  ag(wijwig)

- Z?.Z:Ljiq [n2d61 (u) +dg, (Vj)][n2d61 (w) + dg, (] by lemma - 3.1

= Z?f;:t.j#‘l[d(;z (vj)de, (vg)] + 1z de, (1) Z;‘lfz_:t,#q[dt?z (v)) + dg, (vg)] + ngdﬁz(ui) Z;lfz;t.jiq 1

= 2[n3e(Gy)dZ, (w) + nydg, (W) My (G,) + My (Gy)]

by the definitions of the first and second Zagreb indices of a graph.
ni—1
B =) 2[n3e(G,)dE, () + nyde, (u)My (G2) + My(G,)]
i=0
= 2[nZe(G,)M;(Gy) + 2n,e(G) M, (G,) + 1y My (G5)] (3.3)
Next we compute

62242—1' Zm_l' dg(wij)de(Wpq)
1,4=0j#q SLPp=01#D  dg(wijwpq)

For this we compute

¢ =yt dg(wij)de(Wpq)
Ja=0J%a  dg(wijwpq)
_ an—l [n2de, (wp+dg, Wpl[nade, (up)+de, wg)]
ja=0.j#q dg, (itip)

by the Lemma — 3.1

_ an—l n3ldg, (upde, (up)] ny—1 l[dg, (w)de, (vg)+de, (up)de,(vj)] n 272—1 dg,(vj)dg,(vq)

+ g Xjh0jeq

J4=0J%4  dg, (upup) dg, (wiup) J4=01%4  dg, (uiup)
[da (up)dg, (u )] [dc (u) +dg (u )]
— 12 -1 1 1\"P +2 -1 G 1 1\"P
nyn,(n, ) dGl(uirup) ny(n, e(Gy) dGl(uilup)
1
+ (4e(G)? — My (G))) ———
( e( 2) 1( 2)) dGl(ui,up)
[de, () d, ()] [dg, () + do, ()]
6, (Widdg, (U 6, i) +dg (u
o C= 2 [ngnz(nz— 1) (11 (u_ ; )” + 2n,(n, — 1e(G,) ld ( 1) L
i,p=0,i#p Gy vEp Gy uilup
+ (4e(G)? — M(G)) ————
( e( 2) 1( 2)) dal(ui,up)
Using 3.2,3.3,3.4 in 3.1 we get
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RGut(G,°G,) = n2e(G,)M;(G,) + 2n,e(G)M,(G,) + nM,(G,) + n3RGut(G1) + 2n,RDD(G1)e(G,)
+ H(G)M;(Gy) + n3(n, — 1)RGut(G,) + 2n,(n, — 1)e(G,)RDD(G,)
+ H(G,)[4e(G2)* — M1(G3)]

REFERENCES

[1] R.Balakrishnan and K.Ranganathan, A Text Book of graph Theory, Second Edition, Springer,New
York., (2012).

[2] J.A.Bondy and U.S.R.Murty, Graph Theory, Springer.GTM, 244, (2008).

[3] A. A Dobryninand A. A. Kochetova, Degree Distance of a Graph: A Degree Analogue of the Wiener Index,
J. Chem. Inf.Comput. Sci., 34 (1994) 1082-1086.

[4] M. Essalih, M. E. Marraki and G. E. Hagri, Calculation of Some Topological Indices of Graphs, J. Theoretical
and Applied Information Technology. 30 (2011) 122-127.

[5] L. Feng and W. Liu, The Maximal Gutman Index of Bicyclic Graphs, MATCH Commun. Math. Comput.
Chem., 66 (2011) 699-708.

[6] I. Gutman, B. Ruscic, N. Trinajstic and C. F. Wilcox, Graph Theory and Molecular Orbitals. XII. Acyclic
polyenes, J. Chem.Phys., 62 (1975) 3399-3405.

[7] 1. Gutman and N. Trinajsti, Graph Theory and Molecular Orbitals.Total $\Phi$- electron Energy of Alternant
Hydrocarbons, Chem. Phys. Lett., 17 (1972) 535-538.

[8] I. Gutman, Selected Properties of the Schultz Molecular Topological Index, J. Chem. Inf. Comput. Sci., 34
(1994) 1087-1089.

[9] R. Hammack, W. Imrich and S. Klavzar, Handbook of Product Graphs, CRC Press (New York)., 2011.

[10] B. E. Sagan, Y. N. Yeh and P. Zhang, The Wiener Polynomial of a Graph, Int. J. Quant. Chem., 60 (1996)
959-969.

[11] I. Tomescu, Some Extremal Properties of the Degree Distance of a Graph, Discrete Appl. Math., 98 (1999)
159-163.

[12] P.Dankelmann, I.Gutman, S. Mukuembi and H.C. Swart, On the Degree Distance of a Graph, Discrete
Appl.Math., 157(2009) 2773-2777.

[13] H. Hua and S. Zhang, "On the Reciprocal Degree Distance of Graphs, Discrete Applied Mathematics., 160
(2012) 1152-1163.

[14] P.Paulraja and V.Sheeba Agnes, Gutman Index of Product Graphs, Discrete Math. Algorithm. Appl., 06,
1450058 (2014).

[15] K.Pattabiraman and M.Vijayaragavan, Reciprocal Degree Distance of some graph Operations, Trans.
Comb., 2 n0.4(2013) 13-14.

[16] H. Wiener, Structural determination of the Paraffin Boiling Points, J. Amer. Chem. Soc., 69 (1947) 17-20.

[17] H. Yousefi-Azari, M.H. Khalifeh and A.R Ashrafi, Calculating the edge Wiener and edge Szeged indices of
graphs, J. Comput. Appl. math., 235 (2011) 4866-4870.

[18] K.C. Das, A. Yurttas, M. Togan, I.N. Cangul and A.S. Cevik, The Multiplicative Zagreb Indices of Graph
Operations, J. Inequal. Appl. (2013) : 90.

http: // www.ijesrt.com © International Journal of Engineering Sciences & Research Technology
[113]


http://www.ijesrt.com/

